A Bias of Nadaraya-Watson Kernel Regression under Smoothness Assumptions

Definition 3. Lipschitz in L;-normed space.
A function f : R — R is said to be Lipschitz continuous in the normed space with Lipschitz constant L if and only if

|f(s1) — f(s2)] < |s1 —s2|L Vsl,52eRd.

where | - | is the norm in the Ly space.
Definition 4. Log-Lipschitz in L;-normed space.
A positive defined function f : R* — R is said to be log-Lipschitz continuous in the normed space with Lipschitz
constant L if and only if
|log f(s1) —log f(s2)| < |s1 — sa|L Vsi, sy € RY

Proposition 1. Log-Lipschitz Distribution
There always exists a Lipschitz continuous function g : R¢ — R with constant L as defined in Definition Ifor any distribution with
positive-defined Log-Lipschitz density p defined over R with constant L as defined in Definition 4}, and

c9(s)

p(s) = 7]:2;0 TP

Proof. When g(s) = log p(s)

clogp(s) s
p(s) = S of( )

fj;; clogp(s) 4 f_oo p(s)ds =70,

and g(z) is Lipschitz with constant L since p is log-Lipschitz
[logp(s1) — log p(s2)| < [s1 —s2|L = [g(s1) — g(s2)| < [s1 — s2|L.

O
Proposition 2. Givenh,B ¢ R?, L ¢ R
—1;Lg 2,2
2h"’ ' Lghi B; +h?L h,L
/ dl—QdHe r(w)—erf( zﬂ) )
- \2rh? h;v/2 V2
where erf is the error—function.
Proof.
12
B d T 3n? LiLg B~z s
dl = / dl (Independent Factorization)
/0 };[1 \/27rh12 };[1 0 \/27rh12 P
B;
41 Lahi I +h’Ls
= H 5@ 2 1 =+ el"f
i=1 h;v/2 1=0
d  Lph? B, + h?L h;L
:27dH6’ 2 erf<w3>—erf< : ﬂ) .
pale} h;V/2 V2
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Proposition 3.

l2 32 21,2
B ¢ 2m7 L e 2n7 BLg Lﬁ2h7 B+h?L h;L
Ly dl = Lh, + L;Lgh? rf( i ﬁ) erf< : ")
0 \/2mh? 2 h;v/2 V2
Proof.
2
> —lLg B 2
/ e wpar = Lbi [T L ey ey
0 \/2mh? Vor Jo  h?
12
2 —5z —ULg
thi(/B< l ) s / Pe 2
= —Lgle M dl +Lgy/2mh? —dl
Vor 0 hl2 A p *Jo \/27Th12
Integral 1 Integral 2
(N
The solution of Integral 1 is
B B B2
/ ( o L6> a1y [ 207 ZLB] _ o ~Ble
h Y
70 1=0
and based on Proposition 2] the second integral is
Lih}
B +h?L h,L
/ \/W dlze (erf(M)—erf( ﬁﬁ)>
T i
Plugging back in Equation @
—1Lg > Lph;
L¢h; [ —&5 —BL B+ h?L h;,L
/ ——ILdl = il T 1 + Lg Qﬂhfei erf (w) —erf( B)
\/ 2mh? V2w h;\/2 V2
B? 2h?
—25 — BL Bl
2h? B _ 2 B +h?L h;L
— L;h° + LpLah2S 2 (e (BB g (26
f FEpiy
V2T 2 h;v2 V2
O
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Proposition 4. Given A, B € R¢,
d

/AB (f[lf (Si)><ki_lg(sk> Z(H / fla dx) AB: f(@)g(x) dz

k=1 “i#k

Proof.

Definition 5. A multivariate Gaussian Kernel with bandwidth h € R is defined as
(si—2i)?

d - 2
e 2h?

H\/W

Definition 6. Nadaraya-Watson Kernel Regression. We define the Nadaraya-Watson Kernel Regression with Gaussian Kernels (as
defined in Definition[5) of a data-set {s;, y; }1_, as

Z?:l K(S, Sz)yz
Z?:l K(s,s;)

Theorem [2| Bias of Nadaraya-Watson Kernel Regression under Smooth Assumptions.

fn(s) =

Proof. Substituting the Definition [5]on the left-side

‘ E[ lim fu(s)] - £(5) S K(ss)yi

: ]f(s)
_122 lK(Svsi)yi . s
S R s O
[ K(s.2)(f(2) + () 8(z) da]

J73 K(s,2)3(2) d } f”‘
JI2 % K (s.2) (f(2) + 12 erdey) Blz) da

= IE lim

= |E

) [7% K(s,2)3(z) ds e Y

S K(s.2)(2)B(z) d

S TR opmas T

LK) () - 1(5)5() de o
[T K(s,2)8(z) dz

| |70, K(s,2)(f(z) — f(s))B(z) dz| |
| [72 K(s.2)8(z) de|
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We want to obtain an upper-bound of the bias. Therefore we want to find an upper-bound of the numerator and a lower-bound of the

denominator. Note that the magnitude of the noise does not influence the Bias [36].
The denominator is always positive, so the absolute value operator can be removed,

Lower-bound of the Denominator:
+o0 +oo ﬁ e (S’LQh?V :
Ksniwd = [ [ i
oo —o i v/ 27h;
oo d — (Si;hZ;)Q
1 > e
= - 769@) dz
f_oooo eg(z) dz /—oo ;I;[l \/271'1112
(57 _zz)

e9(s)
- I jg(Z) dz /m bl

¥
g(s) oo s d T on?
€ dZ —00 i=1 T(-»L
12
2

IN
—
8
®
)
S
jon
N
I
8

> dl (Lipschitz Inequality)

(Symmetric Integral)

B ffo eg(z) dz /-
o s d s d

_ o 69(5) /+ (H e 2h? ) <H6_11L5> "

fooo eg(Z) dz Jo =1V 27Thl2 j=1

12
o d —opz —LL
— od eg(s) /+ H e 2h; A a
fooo 9(2) 4z Jo ey \/2mh?
9(s) d L3h: h L
€ e 2 (1 —erf( \;;) (10)

Now considering Proposition[2] we obtain
+o0
K(s,z)B(z)dz <
L ol

—00
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Upper-bound of the Numerator:

‘ /_D; K(s,2)(f(z) — f(s))5(z) dz

‘/_O;K(&s—l-l)(f(s—i—l)—f(s)>5(s+l)dl‘

IN

/jo K(s,s +D|f(s+1) — £(s)|B(s + 1) dl

- =L /OC K(s;s+1)[f(s+1) - f(s)|€g(s +Da (Jensen’s Inequality)

1=, ¢9(2)

1 o
_ / K(s,s+1) |l|Lfeg(S +1) q1 (Lipschitz Inequality)
dz /-

7. e9(2)

= foo;(z)dz/_‘” K(s7s+1)i}1i|Lfeg(s+1)

- fo.fg;))/oo K(S7S+l)illi[Lfeg(S+l)*g(s)dl
—ooe Z dz /- P

IA

IN

o0 n d
foog;<)>d/ K(ss+) 30 |z, [LMEe an

2

e9(s) n

= i (T g i T

I
- f°;eg<z>dz/o (

Qhr"<i>lL[3 n

d 6

i=1

Using Proposition [4]
—5z + LL
eg<s) 400 d e 2h? 3B n
T / — | > LLsdl
S, e9(@) dz Jo U V2rh? ; !
12 12
d 69(5) d d ptoo 7207 +1Lg oo T 202 +1Lg
T s @ g, di S
fzeﬂzm%@ 0 W ) 0 W /
eg(s) d ( e 2h2 B B
O / ) / ILdl.
[ e9(2) dg ,; 171 N W f
Using Proposition 2]
.4
9(s) d d L3n? 3n7 8
. 7 Z(TdHe 2 1+erf( ) e
f—oo 9\%) dz k=1 i#k k
e9(s) d d  L2n? — Ls
_ e 2 1+ Crf / lLf dl.
2 ed( )deX::l 21;1 Trh2
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Using Proposition 3]to solve the last integral

ed(s d  Lin?

(s) d h;Lg
fjomeg(Z)dz,; <1;£6 <1+erf( V2 >)>

L%h}
1 e 62 ) hkL,B
xLthi| —— 4+ Lgh 1+ erf .
(11)
Unifying equations (TT) and (T0) we finally obtain

]E [ 1m £.0)] - £ts)

3 i hiL L%th h, L
br | Lo 1+erf( Qﬁﬁ) 7= T Lohi 1+erf< ;;)
d ah? hils .
zl;[1e ’ (1—erf< V2 >>

S

Conclusion.
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B The Nonparametric Bellman Equation

Proofs of Theorem[I]and Theorem[3

Proposition 5. In the limit of infinite samples the NPBE defined in Definition2|with a data-set lim,,_, -, D,, collected under distribution
[ on the state-action space and MDP M converges to

(s) = /S elsab) (R e /3 ms')qs(s’,z;,b>ds')/a<z,b> dzdb,
X
with R,p ~ R(z,b) V(z,b) € S x A,

with 2,3, ~ P(-|2,b) V¥(z,b) € S x A. (12)
and
(s,z,b) f f5A¢ (S Z) ()aﬂ(b;{ b) dz dbw(a|s) da if m is stochastic,
(g ¥(s,2)p(n(s),b) .
) T 0 2)o(n(s). )z b) dadb orhervive
Proof.
A Syt (5)i(a) (14 Vs ) s
Vi = i d
Y SETACEIEY el
i & 0, 006120 (3 5 (Vo) s
= d
/. iy £ 5 5 ()7(3) lals) da
Jsxa?(s,2)¢(a,b) <R(Z, b) +7 [ 6(s', 2 ) P(2'[b,2) Vi (s') dS> A(z,b)dzdb
- /A T4 0(5,2)(a, b)B(z, b) dz db m(als)da
Analogously we can derive the deterministic policy case. O

Proposition 6. Both for finite samples and infinite samples, when R is bounded by — R, and Ry, (Where R, is non-negative
defined), then the solution of the NPBE if exists it is bounded between 12R”"“ and 2R”$‘

Proof. Starting with the finite samples case. Suppose by absurd proposition that if the NPBE admits a solution V. then Supg |f/7, (s)] =

?ji; + e with € > 0 strictly positive (and eventually +00). It immediately follows that supg g, Vr(s1) — Va(so)| = 21%'“;* + 2e.

Expanding this term

sup [V (s1) = Vi) = sup |(&7(s1) = e5s0) ) (5 [ 016)¥s(s) 5 )|
< sup |el(sy) — X (sy) r—l—fy/qb(s’)vﬂ(s')ds’
S1,S2 S
< sup (|€£(sl)| + ’EZ(S2)|> r+7/5¢(s’)f/ﬂ(s’)ds/
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Notice that €X' (s) is a stochastic vector (non-negative definite and sums up to 0),

sup (e o0+ <550 )+ [ 60765 0
S1,S2
< 2Rmax+'ysup<|s s1)| + |eX (s2 )‘/d) Wa(s
S1,S2
Rinax
< 2Rt (122 4 ) sup (Je 50 + X s3] ) / B(s") ds
Y S1,S2 S
- Rmax T T
= 2Rpax + 7 - 7—}—6 sup ( |eX(s1)|+ |eX(s2)| |1
S1,82
<

2Rnmax
2Rmax+7< Pma + 2¢ )
1—n

which implies that

> 3 2I%max
sup |V7r(sl) - VTI'(SQ)‘ S 2I%max +’Y< 1 ~ +2 )
S1,82
Rinax 2 Rnax
= 2" 12 < 2Rmax+7< e +2>
1=~ I—~
= 0<e(y(1—7)—1). (13)

Since (1 — ) — 1 is always negative (we defined 0 < < 1), then there are no positive values for ¢ which satisfy the inequality,
which is in clear contradiction with the absurd premise. For the infinite samples case we can do similar reasoning noting that ¢, 5, P
are probability measures.

Proposition 7. If R is bounded by R, and if f* : S — R satisfies the NPBE, then there is no other function f : S — R for which
Jz € Sand |f*(z) — f(z)| > 0.

Proof. Suppose, by absurd assumption, that a function g : S — R exists such that f(s) + g(s) satisfies Equation (I2) for every s € S
and a function G € R exists for which |g(z)| > G. Note that the existence of f : & — R as a solution for the NPBE implies the
existence of

/ el(s)p(s') f*(s') ds’ € R, (14)
s

and similarly, the existence of f(s) € R with f(s) = f*(s) + g(s) as a solution of the NPBE implies that

/Sef(s)d)(s’)f*(s’) +g(s')ds’ e R. (15)

Note that the existence of the integral in Equations (T4) and (T3] implies

| eF@esa(s)as € & (16)

7o) = €56s) (r 7 o115 + 9ts) )|

1) (x40 003 ) <5 (ry o)1)+ ats)) )|
7(s) [ os)als) a
1) [ olsalsas

9s)| < el(s) /S S(s))g(s) ds'.

Note that

[F7(s) = [ (s)]

= lg(s)] =

Using Jensen’s inequality
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Note that since both f* and f are bounded by }ffm“j/ then |g(s)| < QIRfmf/*, thus

9s) < 7el(s) /S S(s)\g(s)| ds’ (17
< g tim v / (s') ds’
1=~ S
— 2Rmax
1=~
2Rmax
<
— ) <
22Rmax .
= lg(s)] < v T4 using (I7)
32Rmax .
= [g(s)] < T—~ using (T7)

= lg(s)l < 0,

which is in clear disagreement with the assumption made. Again here a similar procedure shows the same result for the infinite case. [
Proof of Theorem
Proof. Saying that V; is a solution for Equation (T2) is equivalent to saying
Vi (s) —e™(s) (r + ’V/SQS(S’)V:(S’) ds’) =0 VseS.
We can verify that by simple algebraic manipulation
Vi) - exo) (x4 [ o)V ) as )
= LAt (r [ o)l )A; as )

— el (Ao [ oW)el)A v )

- sZ<s><(I—w /S ¢<s’>e£<s’>ds’)A;1r—r>

= el(s) (A,rAT_rlr - r)
= 0. (18)

Since equation (I2) has (at least) one solution, Proposition guarantees that the solution (V,: ) is unique. O

Proof of Theorem 3

Proof. We perform the derivation for the stochastic policy, however the same derivation applies for the deterministic case almost
identically. Expanding ] Ep[Vp(s)] — V*(s)| using the NPBE and the classic Bellman equation,

|]LE)[VD(S)] -V*s)| = |E {/SXAE,T(s,z,b) (Rz,b+7-/SVD(S/)¢(S/7ZIZ7b)ds)ﬂ(z,b) dzdb}

D

/A (R(s,a)+7/SV*(S/)P(S/|S,a) ds’>7r(a|s) dal. (19)
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As can be easily verified, £, (s, z, b)3(z, b) is a density distribution over z, b. Hence Equation (I9) can be rewritten

—/A<R(s,a)+’)’ V*(S’)P(SIS’a)dsl>7r(a|s)da

- |5| fsxw(sf’z;ﬁb%(&’b R 2)dabldadb ) ca
4 5.4 V(5. 2)p(a, )5 (2. b) dz db
+ v /A E {ISXAQZ)(S’Z)SD(a?b)(fS fo\)ﬁz;&; flz’)g(fb‘;;(:’cig(s’s,a) ds’) 3(z, b) dzdb]w(a|s) .
B v o T
gl o,
< Asiss + VBias- ’ .

It is evident that the term A is the Nadaraya-Watson kernel regression from Equation (8) - the noise has been washed out in Equation (9)
-, therefore Theorem [2| applies

21,2
Lﬁhk

Ljh} ,
LRZi—1hk<H?¢k6 ) <1+erf(h\%‘*)>><\/12—w+llﬁhk€22 (Herf(*‘f/gﬂ)))
d % hiL/g ’
[[[Lie 2 |1—erf e

ABias =

where h = [hy, h,] and d = d, + d,.

Returning to the estimate of Bgj,s

/ I ISXA (s, 2)¢(a,b) ( fs Vp(s')e(s', Z/z,b) ds’ — fs V*(s")P(s'|s,a) ds')ﬁ(z, b)dzdb
AP Js. 4 ¥(s,2)p(a,b)B(z,b) dzdb

/ Jswat(s,2)0(a,b)( [E [VD(s')d(s',2,,,)] ds' — [ V*(s')P(s'[s, a) ds') (2, b) dz db
A fs,A Y(s,z)p(a,b)p(z,b)dzdb

}77(a|s) da

m(als) da

One my ask whether the terms in E[V (s")¢(s’, z, },)] are uncorrelated. The answer it is affirmative, since, even if Vp depends by z, 1,
(integral in Equation (T2))), this corresponds only in the variation of a single point in the integral, and therefore the overall estimate does
not change. This argument, however, does not immediately hold for the case of an infinitesimal bandwidth, and therefore we provide
the results for that case separately.
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For Finite Bandwidth:

(a,b)([SE [Vb(s)o(s', 2, )] ds’ — [ V*(s')P(s']s,a) ds') 3(z, b) dz db

/ Jsxa (s 2)p
A

s, 4%(s,2)¢(a, b)B(2,b) dzdb

m(als)da

© s fSXAw(s,z)cp(a, b)(fSXSV(z’)d)(z’,s’)P(s’|s,a) ds’ dz’ — fs V*(s')P(s']s, a) ds’)ﬂ(z,b) dzdb
- s,a fS,A w(s,z)ga(a, b)ﬁ(zab) dzdb
s Jsxa?(s,2)p(a,b)( [s [s (V(2)p(2,s") — V*(s')) P(s']s,a) ds’ dz’) 5(z, b) dz db
s.a fSAw s,z)p(a, ) ( b)dzdb
_ Jsxa (s, z)p (a,b)( [sV(2)o(2,s) dz')3(z,b) dzdb
= e JsAv(s.2) (a,b)ﬁ(z,b)dzdb
R
T saw| [5_0(s,2)p(a,b)B(z,b) dzdb (/SV(Z Jo(z,s) =V (S)dz>
= max /V —V*(s')dz
= max /V(s’—&—l)gb(s—l—l,s’)—V*(s’)dl‘. (21)
s,a,s S
Note that )
d, e_Tém
¢ /+la ") = D et
(s ®) H,/%Th?m
thus
max / V(s + )é(s +1, s’)—V*(s’)dl‘
s,a,s S
< V(') - V()| + L( zi) RN
max V(') = V*(s') /S v ;I | l;[ e
Using Proposition 4]

12

i
ds s 2h2
i

+Lv/ <Z )H\/ﬁdl

2
b !
2h2 )

+ng(g/“’°ﬁ

Rty

k

oo e 2h
) [ e
27rhq“€

dly

ds oo m
V(s') = V*(s) +LV2Z/ Iy ———— dlj,
k=170 1/27Thi,k
ds h
V(s') =V (s)|+ Ly Y —=
k=1 VT




It is however known that [V (s) — V*(s)| < 28 thus
y

V(s) — V*(s)| < Apias + 7<max V(s') = V*()

s,a,s’

d
o
+Lv ) ) (23)
oy V2w

d
Rumax - hqbk)
V(s)—V* < Agiys +71( 2 + L =L
(5) = V*(s)| < Au 7( vy bk

1=v k=1

Rmax
L=y

d d
_ ~ hg¢. 1 ~ hg. 1 . .
— V(s) — V*(s)| < Apjas + (ABias + (2 + Ly E ) + Ly E —2= using Equation (23))
=V 21 =V 2

00 d
— h
= Vi(s)=V*(s)| < Z " (ABias + Ly Z F) using Equation (23)
—o 1 27

d

1% 1 ~ hg k . .

= V(s) = V*(s)| < —— <ABias + Ly E ) using Equation (23).
= \or

-~
(24)

For Infinitesimal Bandwidth: In the case of an infinitesimal bandwidth note that, even if Vp and ¢ are correlated the overall integral
reduces only on a single point, and the same argument made in the case of finite bandwidth applies,

/S E [Vp(s))é(s', 2, ,)] ds’ = E [ /S Vp(s)d(s', 2, ds’)ds/} —E [Vb(z,)] = /S V(s')P(s']s, ) ds’

It follows that, proceeding similarly to Equation (Z2T), we obtain

HE[VD(S)} — V*(s)} < max V(s') - V*(), (25)
which yields
1
‘V(S) -V (S) < 1— ’YABias~ (26)
O
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